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Abstract 

An analysis of the couplings of the 210 dimensional SO(10) vector multiplet to 
matter is given. Specifically we give an £77(5) x U(l) decomposition of the vec- 
tor couplings 16± — 16± — 210, where 16± is the semispinor of £O(10) chirality 
±, using a recently derived basic theorem. The analysis is carried out using the 
Wess-Zumino gauge. However, we also consider the more general situation where 
all components of the vector multiplet enter in the couplings with the chiral fields. 
Here elimination of the auxiliary fields leads to a sigma model type nonlinear La- 
grangian. Interactions of the type analysed here may find applications in effective 
theories with the 210 vector arising as a condensate. The analysis presented here 
completes the explicit computation of all lowest order couplings involving the 16± 
of spinors with Higgs and vectors multiplets using the basic theorem. 



1 Introduction 



In the usual couplings of vector bosons, the vector bosons belong to the adjoint 
representation of the gauge group (V a , a=l,..,N) and thus have one to one corre- 
spondence with the number of generators of the gauge group (T a , a=l,..,N). This 
allows one to form the Lie valued quantity V = V a T a which enters prominently in 
the construction of Yang-Mills gauge interactions which describe the self interac- 
tions of the gauge bosons. Further, one also utilizes the Lie valued quantities to 
couple the vector bosons to matter. In supersymmetric theories one essentially uses 
the same strategy in that one also uses Lie valued quantities and further one uses 
the Wess-Zumino gaugefl] in which the vector multiplet is reduced to just three 
components, V M , A, D, where V M is the spin 1 vector field, A is a spin | Majorana 
fields and D is an auxiliary field. The question arises how one may construct the 
couplings of a vector multiplet which does not belong to the adjoint representation. 
We focus here on the group SO(10) which is one of the groups under considerable 
scrutiny as it is a possible grand unification group for the unification of the elec- 
troweak and of the strong interactions [2]. Thus, for example, in SO(10) one has a 
16 dimensional spinor representation which can accomodate a full one generation 
of quarks and leptons and its vector couplings have the following decomposition 

16x16 = 1 + 45 + 210 (1) 

Thus while it is straightforward to couple 1 and 45 plet of vectors with the 16 x 16 
using the usual Yang-Mills construction, and for the case of supersymmetry using 
the supersymmetric Yang-Mills construction, the same procedure does not apply 
to the coupling of the vector 210 multiplet. Recently, we have given a complete 
computation of the couplings in the superpotential which involve the 16 plet of 
matter [3, 4]. In Ref.[3, 4] a "basic theorem" using oscillator method[5, 6] was 
developed which allowed one to carry out explicit analytic computations of the 
SO(10) couplings. Since 16 x 16 = 10 + 120 + 126 we have given a complete 
determination of the couplings of matter -matter -Higgs couplings of the type 
16 - 16 - 10, 16 - 16 - 120 and 16-16-155 [7, 8]. The present analysis is 
motivated by similar considerations where we wish to give a complete analysis 
of the vector couplings of 16 x 16. While the vector couplings 16—16 — 1 and 
16 — 16 — 45 are straightforwardly given by the standard analysis, this is not the 
case for the 16 — 16 — 210 vector coupling. Here we need a new technique to 
address this question. The purpose of this paper is to do just that. In this paper 
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we consider the couplings of the supersymmetric vector 210 multiplet in SO(10). 
We focus on this construction both for the theoretical challenge of constructing 
such couplings as well as for the possibility that such interactions may surface in 
some future effective theories to describe fully all the degrees of freedom at some 
relevant energy scale. 

The outline of the rest of the paper is as follows: In Sec. 2 we follow the conven- 
tional approach and give the coupling of the 210 multiplet with 16 plet of matter, 
i.e., we compute the couplings 16± — 16± — 210 in the Wess-Zumino gauge and we 
carry out a full SU(5) x U(l) decomposition of it. Elimination of the auxiliary fields 
is carried out in Appendix C. At the very outset we discard the constraint of gauge 
invariance since the imposition of such a constraint is untenable for the 210 multi- 
plet. In Sec. 3 we consider the more general couplings of the 210 multiplet retaining 
all the components of the vector multiplet, i.e, we do not impose the Wess-Zumino 
gauge constraint [1]. In the construction we use the superfield formalism[9] to guar- 
antee that we have explicit supersymmetry at all stages in the theory. In this case 
elimination of the auxiliary fields leads to a non-linear Lagrangian with infinite 
order of nonlinearities in it. The general technique underlying this procedure is 
illustrated in Appendix G for the U(l) case. This analysis has some resemblance 
to the analysis of Ref. [10] which also used a unconstrained vector multiplet, i.e., it 
did not impose the constraint of the Wess-Zumino gauge[l]. However, the analysis 
of Ref. [10] did not include an explicit mass term for the vector multiplet, nor the 
self interactions of the vector fields and it did not integrate the auxiliarly fields. In 
fact the motivation of the work of Ref. [10] was very different in that the analysis 
of Ref. [10] was geared to study spontaneous symmetry breaking and generation 
of vector boson masses in that context. Returning to the 210 multiplet we note 
that since the 210 vector multiplet interaction cannot be gauge invariant, one 
must view its interactions only as effective interactions and thus the appearance 
of sigma model type nonlinearities here are quite acceptable. In Sec. 4 we give the 
conclusions. Appendix A is devoted to notation and definition of the components 
of the vector and chiral superfields. Normalization of the dynamical modes are 
given in Appendix B. An elimination of the auxiliary fields appearing in Sec. 2 is 
given Appendix C and an illustration of the SO(10) couplings of Sec. 3 is given 
in Appendix D. For completeness an SU(5) x U(l) decomposition of the singlet 
vector couplings and of the 45 vector couplings are given in Appendices E and F. 
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2 Coupling of 210 vector multiplet to 16± plet of 
matter 



In usual formulations of particle interactions the vectors belong to either singlets or 
the adjoint representations of the gauge group of the theory under consideration. 
To couple the vectors to matter one forms a Lie valued quantity V a T a where T a 
are the generators of the gauge group satisfying the algebra [T a ,Tb] = if a b c T c - 
Then one couples the Lie valued quantity to the matter fields in the form &e gV & 
which can be shown to be a gauge invariant combination. For the representations 
1 and 45 on the right hand side of Eq.(l) one can carry out this construction 
straightforwardly (see Appendices E and F). However, this construction does not 
work for the 210 vector multiplet as one cannot write a gauge invariant Yang-Mills 
theory for it. Further, for the same reason one cannot write a gauge invariant 
coupling of the 210 vector with matter. To construct the 210 vector couplings, 
the technique we adopt is to carry out a direct expansion in powers of the vector 
supersuperfield. Thus we have 
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(210) x 2 



(210) 

. (210 Interaction) j (210 + ) rC~ C g C" "F^T^T^T^I/R 

L V+$ = h ab [< $ (+)a| < 5(+)6 > H < < 5(+)a|V MJ ,p A l A pi A]| < I , (+)6 > 

9 | , s , < ^*(+)a|v^ /( ,Ar^r i ,r p r A ]V a/9T( 5r[ a r / 3r 7 r 5 ]|$( + ) 6 >]| 02 g 2 

(210) 

+C M [< $(-)ol$(-) 6 > < $ ( - )a |V pA r [p Ar p r A] |$ ( _ )6 > 

i/ g (21()) \ 2 . . 
+2 1 I < < ^(-)a|v^p A r[ P r I/ r p r A ]V Q , / 3 75 r[ Q ,r / 3r 7 r (5 ]|<i>(_)6 >]\ e 2§2 + .. 

r[ P r„r p r A ] = -T7^2(— i) p rp P{1) r iyp(2) r Pp{3) r Ap{4) (2) 
^- p 

where J2p denoting the sum over all permutations and dp takes on the value (1) 
for even (odd) permutations. V MJypA (/i, v, A, p=l,2,..,10) is the vector superfield, 
$(+) a is the 16+ chiral superfield (a is the generation index) and T p satisfies a rank- 
10 Clifford algebra, [r p , r^]= 25^. In the following we give a full exhibition of the 
couplings to only linear order in the vector superfield in terms of its SU(5) x U(l) 
decompostion but a similar analysis can be done for couplings involving higher 
powers of the superfield. Thus using the analysis of Ref.[3, 4] we find that the 
16+16+ couplings can be decomposed as follows 
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< $(+)a|$(+)6 > = h^ b ° +) {-d A A\ +)a d A A {+)b - d A A^ +)a d A A (+)bi 

-d A A\ +)m3 d A Al )b - i* i+)aLl A d A * {+)bL 

-^\ + )aLl A dA^{+)UL ~ ^(+)ayL7 A 9 A *; J +)fei ] + ^ uxiliary 

I ( 21 °) , (210+) | , s 

L (l)auxiliary ~ h ab < *(+)a|-f(+)6 > (3) 



C"' < *(-)«l*<-)6 > \ew = h ( ™-\-d A A\_ )a d A A { _ )b - d A A\_ )m d A A\_ )b 

~d A Af )a d A A { _ )bt3 - {^ { _ )aLl A d A ^ h)bL 

-l* { - )mLl A d A *\_ )bL - iW{_ )aLl A d A * { - )bijL \ + l^ UX iliary 

■ (210) "J 210 ") ^77 P ^ ( A\ 

L (2)auxiliary = h ab < * (.-)a\* (-)b > (4) 

•«--(&) 

In the above the upper case Latin letters (A, B, C, D) are the Lorentz indices 
while the Greek letters with tilde's(d, /?, ...)are Weyl indices. Similarly we find 

^(210+) (210) 

ab 4 , — < < ^(+)a|v^ pA r[ M r J ,r p r A ]|<i>( + ) 6 > 

(210+) (210) rr l /5 /..+ T \ 

= ^ab S {[g y 6 ^ A (+)a ^ A (+)6 - *(+)aL7A*(+)fcL J 
+ (' A ( t+)a ^ A(+) ' " *(+)a^A*(+)6L)]V; A 

+[ 7q (' A ( +)a ^ A(+)fra ~ *(+)^*(+)^)] v ' Al 

+ [-7^?f (* A (+)aZ m 5a A (+)6 -^ {+)a l m LlA^{+)bl)j 

+^/f ^™ (iA* )a Ha AjJ )6 - ^ (+)aL 7^S )bL )]V'^ 

+ ["^ (* A (+)a ^ Aft )6 - *(+ )a L7A*;T) 6 L) 
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+ 



"Vl V A '+ )a 9A A(+)bl + ^(+)aL^( + )ML )\V j 



Aklm 



+ l-^ ijklm (* A (+)«n dA A {+)bj - * {+)ai nLlA* {+)bj L)}V' k t 



Z /5 

2 V 6 



-A{ +)a *( +) 6i ? + ^A{ +)aij *ji )6i? - ±A£ )a ¥ (+)KJl 



A 



+ 



V3 

z 

~4 

z 

"4 



Af +)a * (+ )^ 



A(+) a / m *(+)6i? - gQife«mA^ )a *( +)6i? 



A 



V3 



t 



(+)o*(+)«« 



A 



t TT7^ 



A^ m 



A 



Ia 



Tj7 /; 



(+)aik*'(+)Wl + Aj| )a *(+)6ii ? 



ImL 



6^ 



tijklm 



A (+)a*(+)Mi 



ijklm 



-kl 



A n 

^klmL 



i 5 
"2V 6 



— 1— r 1 » 

-* (+)aL A (+)6 + — *( +)a i iL A; j +)6 - -* (+)aL A (+)6i 



4a/3 

ij 



A (+)aij^(+)hU 



A'3 



A 



z 

z 

+- 



*(+)aL A (+)fe 



A 



1 



* (+)aL A (+)fei 



A 



*(+)«!mLA(+)J - -ej jfc ; m * (+)ai A^ )6 

]_ 

*(+)alA{™ )6 - -C U m *( + ) aijL A( + )6 fc 



z 

+ 4 



z 

+ 2 



g*(+)oifcLA^ )6 + *( +)aL A (+)6 i 



A/ m R 

A^} 



6^ 



^ijklr, 



(+)aL A (+)6 



A 'fc/ra 1 
Z 



c ijklm 



A n 



4^3 



*(+)«jlA{+ )6 



A'« I + I (210) 



(210) 
~(3)auxiliary 



. (210+) (210) 

4!2 



< ^(+)a|r[ M r iy r p r A ]|A( +)fe > d 



fiupX 



Af +)a Ha A (+)6 , = J A^A (+)w - (9AAf +)a ) A (+)w 



A 



jki 



\i 

^ajkl 



and so on. Similarly for the 16_ 16 couplings we find 



, (210-) (210) 

Kb g 

4! 



e 2 e 2 



, (210-) (210) rr l /5 / ; , — 

^ g {[g y e l' A (-)« ^ A (-) b ~ *(-)aL7A*(-)bL 



1 



4V30 
1 



i^l )a dA A ( _ )Wj - - *(' / _ )aL 7A*(-)6iiL 



2V30 



h — = i iAj_ )a . 9a a;_ )6 + i^ { _ )mLlA v\_ )bL )}V A 



+ (* A (-)« A(_ )6 -"*(- )m L7A*(-)6L)]V' Ai 



V6 V 

1 / . <-> 

■^^■«m (* A ^)a ^ A (^ - ^t-)aLlA*U bL )]V' Mm 
+ (iA l ™] a dA A(_ )b - 7A*(-) 6i 



24\/2 



Ay/2 

^■ fcJ m ( iA t_ )o . 7^ A( _ )bjk _ * { _ )aiLlA * ( _ )bjkL )]V^ 



1 / 



^ (^{_ )ai Ha Aj_ )b - * ( - )a a7A^_ )bi )]V^ 



l' Aklm 



+[ 127f (' A (-) an ^ A A (-)«i - *(-)«»i7A+*(-) Wj x)]V;^ 

+ [ _ T-^ e «W"» ( iA (-)a ^ A (~)^' ~ *C-)ai7A*(-)W 3 x)]Vfcf J 



4^/6 



i /5 
'2 V 6 



t iTf . L jL A'J't iTf I At Vb* 

5 A (-)ai*(-)6i? 



" A (-)a*(-)^ + T7i A (-V*(-)^ " 7 A ( 



+ 



V3 

i 

+ 4 
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A (-)a*i-)^ 



(_ )oi *(-)6fl 

A (-)a*(-)M«tR - -eijM m A(i f )a *^ )6jR 



a! 



A 



A 



A2 m 



(7) 



I 

+ 4 



3 --(_j a *(-)w»fl + A ( _ )ai * ( _ )6fl 



A 



--A?' fc t 



ImL 



A * 



6^/3 



^ijklr 



A (-)a W (-)6i? 



A'fcim , 
n r. 



ijklm 



A (-)an*(-)biii? 



A 



4v/3 



A" )a *(_) Wj fl 



A lJ 

klL 



+ 
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2 V 6 



-* ( _ )aL A ( _ )6 + ^*|i )aL A ( _ )6ii - i* ( _ )aiL A ( _. ; , 



A 



2 

~4 
~4 



*(-)olA* ( _ )6 



*(-)aiLA(_)6 
A fc 



A 



^ (-)aL-^(-)blm - -eijfc«m*(_) aL A ( _ )6 



-2m 



*(-)oL A (-)6 _ ge UMm *(-)ajLA(_)5 jfc 



A 



ImR 
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-^-)aLA(- )WM + *(_ )aiL Aj_ )b ] A^ 



6^/3 



^ijklr 



(-)aL A (-)6 



A 1 kllTl _ 1 

nR 6VS 



ijklm 



*(-)oniA(_) 6i j 



A 



klmR 



(210) 



4^/3 

, (210-) (210) 

S 



*(-)aL A (-)6ij 



A'v 1 + I {210) 

iv fc/RJ ^ L (4) auxiliary 



< ^(-)a|r[ M r [/ r p r A ]|A(_) 6 > 



{^auxiliary 4! 2 

Further, the kinetic energy for the vector multiplet is given by 

(210 K.E.) 1 



-v 
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Explicit evaluation of Eq.(l) gives 



(210 _ _1 AB _ i x , (210) 

L V ~~ ^ v ABpupa Yfivpa r) 1 ^-pupa J <^A^pupa ~r >- (5) auxiliary 



yAB = QA V U _ d B V 

y pupa ^ v tnjnrr y , 



Ay,B _ flByA 
pupa u * pupa 

,(2io) — in n 

L (5) auxiliary ~ ^ P u P a V u P a 



A 



pupa 



A, 
A' 



■a 

pupa 



Finally, the superpotential of the theory is taken to be 

LS 10) =W($ (+) ,$ H )|,2 + / i . c . 



W($(+), $(-)) = < ^_ )a |S|$ (+)6 > 
W(A (+ ), A H ) = i^ ab (Af_ )a A {+)b - ^Af_ )aij Af +)b + A l ( T )a A (+)6 ^ (11) 

where /x a 6 is taken to be a symmetric tensor and B is the usual SO(10)charge 
conjugation operator . Thus we have 



-w 



-iH ab (* { _ )aR * {+)bL +W { _ )aR * {+)biL - -V ( _ )aijR ^ +)bL 



+W*ab ( *(-)aL*( + )6il + * { - )a iL*\ +)bR ~ l*f- )a L* (+)bij r) + ^ 



(-)aL -T *(-)aiL*(+)6fl - 7j * (-)oL * (+)bijR J t" L (6)an«/iarj/ 

i] 

2 

_Jl^T 1,1'./ r' A A ' T 



L (6)oLiJion, - ^ab[F(_ )a A (+)6 + A( r _ )a F (+)6 - -F ( _ )aij A| +)6 
1 



"2 A (-)a« F (+)6 + F (-)« A (+)« + A (-)« F (+)«1 + ^ ( 12 ) 

Elimination of the auxiliary fields is carried out in appendix C. 



3 A more general analysis of 16+ — 16+ — 210 vec- 
tor couplings 

In this section we consider the couplings of the unconstrained 210 vector multiplet 
with matter, i.e., in the analysis we use the full vector multiplet rather than the 
truncated one under the constraint of the Wess-Zumino gauge. An illustration of 
this procedure is given in Appendix G for the U(l) case. The Lagrangian that 
governs the interactions of the 210 multiplet consists of the kinetic energy term 
for the 210 plet, self interactions, and interactions of the 210 plet with 16 and 16 
of matter. For generality we also include a mass term for the 210 vector multiplet. 
As in Appendix G we will not impose the Wess-Zumino gauge but keep the full 
multiplet. Thus we take the Lagrangian governing the 210 vector multiplet to be 

(210) '( 210 K - E -) '(210 Mass) '(210 Self-Interaction) '(210 Interaction) '(210 S el f - Interaction) 

L = Ly + Ly + Ly + Ly_|_<j, + L§ 



'(210 K.E.) J 

Li 



-v 



64 



, '(210 Mass) 2\l W I 

Ly — 171 v nvp\v nvp\\0 2 t 



'(210 Self -Interaction) _ w w w | w C, w C, I 

Ly — CKiV n„ p \V pXafiV af3ixv\e 2 6' 2 + a 2 V p,vp\ VpAa/3 v q/3t?t ^ rrrp,v\eH' 1 



, (210) 

'(210 Interaction) _ II ab - 

L V+$ - — 77- ^a V ^pA-L [ M l A pi A] V b | e 2e2 



4! 

■p/(210 Self — Interaction) j. -C- 
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In the above the Greek subscripts(a, /3, ...) are the SO(10) indices. One could, 

P , , . r 1*1 '(210 Self — Interaction) , T -c 

or course, add more interactions, tor example, m L v such as v 

etc which are allowed once one gives up the Wess-Zumino gauge. Similarly in 

. /(210 Interaction) . . . ,. . 11 TT J.1 1 • r 

Ly +$ one may add additional terms as well. However, the line ot con- 

struction remains unchanged and the inclusion of additional terms only brings in 
more complexity. Thus to keep the analysis simple we omit such terms. Evaluating 
Eq.(13) we get 

L (210) = -\v ABT[ V AB - ^m 2 V AxY V A - ^d A B XY d A B XY - zA xy7 a «9 a A xy - mA XY A XY 

, (210) 

-d A Ald A A a - M aLl A d A V aL - -^-B^d A A\)T^d A A b 

24m 

,(210) -t( 21 0) 

ab d A (AlT XY A b ) d A B XY + ^g- [AlT XY d A A b - (d A Al)f XY A b ] Vaxy 



96m V a ) 48 

'(®aLl A r XY A LXY ) d A A b + d A A\ (A LXY7 A f XY ^ 6L 



, (210) 

! Kb 

, (210) 
, Kb 



(^aL7 A r XY a A A iXY ) A b - A\ (A LyiYl A T XY d A y bL 
(* aL f XY A mY ) A b - A\ (A mY f XY * 6L 



.,(210) 

l Kb 

24^/2 



m 



,(210) .,(210) 

^^aL7 A fxY^6LV AxY - L^-^^fxy^ (V bL ) B XY 

48 24m 

1 /3ai a 2 \ A 3 /ai a 2 

o "j -^WY ~l -DWX-DXY A JD YZ -D Z W ~-°WY I -^WX-^XY I "AYZI'ZW 

«J \ A in / m \ V in / 

3 / „ 2a 



f — T"-B WY H — -£? WX .B XY ^ d A B YZ d A B Z y (— -B m H — -.Bwx-Bx^ VayzV : 

V 4 m J m \ 2 m J 

H — - \ aiB m H -B m B XY ) [iA LYZ ^ A d A A LZM - mA YZ A 

+^ f^wx + — B m ) (A LXYl A A LYZ ) Vazw 
m A \ 2 m J v y 

+ 2~m^ ( A mx^-lxy) (AlyzAr zw ) + L aM 2 E \° /iarj/ (14) 

Where we have defined for brevity 

Txy = rvrvrpr^; s XY = b^^-, VaxyV4 = v Afll/pa v A aXT (15) 

and so on. Further 

A C = CA T , C=(^ ,° 2 ), A = AV (16) 



9 



Note that each of the chiral fields, S (= A,ty, F) can be expanded in terms of its 
SU(5) components as \S a >= |0 > S a + \b\b)\Q > Sjf + jie ijklm b)b\b\bl n \Q > S ai . 
We will expand some of the terms appearing in Eq.(14) in appendix D. 
The Lagrangian containing the auxiliary fields is given by 



I ' 210 

auxilliary 



3«i 



2a 2 



mB m + - — -B m Bjz H --B WX 5 XY -B YZ 



h 



(210) 
ab 



2m 2 ' 



rrr 



48 



A\Y ZM A b ] D zv + \d xy d xy 



+ (lm 2 S YV + ^S YW + ^SwxSxy) (M yz M zw + N YZ N ZV ) 
\2 2m m 2 J 



+i 



h 



(210) 
ab 



FlT^A b + — 2 (^S m + ^B m ) (A LXY A 
m z V 4 m / v 



48 

, (210) 
l ab 

48 



RYZ 



AlT zv F b + JL (^ wx + ^ Swx ) (A^ XY A LYZ 



«2 

m 



(M zw + ^ zw ) 
(M ZH - iJV M ) 



.,(210) 

in 



.,(210) 



ft 



(210) 
ab 



24m 



5 XY F a tr XY F b + F]F a (17) 



Finally, eliminating the auxiliary fields we obtain 



^-auxilliary ~ ~T ) m B XY B YX ~ ~ B XY B YZ B ZX - 



3ai 
2m 



3aia2 



m° 

, (210) , (210) 
n ab n cd 

4608 



W> „ B B B 

v 8m 4 ?m y 

2a 2 2 

B\jy B m BxYB YZ B Z v — i? uv B w B vx Bx Y B YZ B zv 



m u 



(Alf XY A b ) (Atr^Aa) 



mn 



(210) 
ab 



48 



a r XY A fe ) s XY 



,(210) ,(210) 

' U (4f XY A 6 ) B XZ B ZY - (A{T XY A b ) BnBnB: 



-m 



32m 2 

K WX (P 1 )wx Y zK YZ + Jw X (P 1 )wx Y zJ Y z 

(210) 



24m 3 

.,(210) 

24mV2 



ZY 



(Q-^acRcrxY^ftflAixy 



+ 



h 



ab 



8m 4 



^ruvCS-^fcT^P" 1 )^ ( ^5 YW + ^5 YW ) A LWZ A^ ZX (18) 



«2 



m 



where 



Puvx Y — <W^vy + n — (SuyBvx + -Bux^vy) H t (^uy-Svw-B wx + -Buw-^wy^xv) 



2m 3 

Q&c = + 



(210) 

6c 



24m 

, (210) 

Sfe c = £>f, c + 



rx Y ^x Y - 



— — I yv / ->yv — ' 

24m 1152m 2 



77T 

, (210) , (210) 
a ac n bd 

1152m 2 

, (210) , (210) ^ 

"cd n ab r a /p-l\ Air 

1 w-tt-dy* Juvxy^a 1 X Y 



^iruv(p 1 )uvx Y r XY A ( i 
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ih (210) ~ h (210) ~ (a a \ 

R-c = — 24^/2 ^ LXY ^ afl ^ XY ~*~ g^4 ^I^uv(P 1 )uvxy (^^yw + ~^ YW J A Lvz A c Rzx 

ih (210) h {2W) ~ fa a \ 

T c = 24 m y / 2" XY ^ aR ^ LTl 8m 4 w ^ a ^ 1 ) UVXY l^^"^™ ^~ ~m^ YV ) y ^ i?wz ^' Lzx 

1 )& C T C 

~~ A^^A^yy) 

, (210) 

Jxy = -^4 [(Q-^acRcrirA + At^s- 1 )^" 

— ( ^^xu + ^5 xu j (A LUV A^ VY + A^ UV A LVY )(19) 



K _ ih 'ab 



(210) 

"(Q-^acRcfiy^ " 4f X Y (S 



—j f-r^xu + — -Bxu) (AluvA^ vy 

, (210) 



+ m 4 V 4 



4 Conclusion 



In this paper we have given an explicit computation of the couplings of the 210 
dimensional SO(10) vector mutliplet. Specifically, we have computed the vec- 
tor couplings 16± — 16± — 210 in terms of its SU(5) x U(l) decomposition. We 
approached this coupling from two view points. First, we use the conventional 
approach of using the Wess-Zumino gauge. However, since the 210 couplings are 
not expected to be gauge invariant and hence such interactions are not expected 
to be renormalizable, we also consider a nonlinear sigma model type couplings of 
210 with matter. Such couplings arise when we consider the full 210 multiplet 
without using the Wess-Zumino gauge. Here elimination of the auxiliary fields 
leads to interactions of the vector multiplet with the chiral fields with nonlinear- 
ities of infinite order as in a nonlinear sigma model. Although couplings of the 
type discussed do not thus far appear in theories of fundamental interactions a 210 
vector multiplet may arise as a condensate in effective theories. The analysis we 
have presented here concludes our effort to give a complete analytic computation 
of all lowest order couplings involving the 16± of matter with Higgs and vector 
multiplets. Although the analysis given here is specific to the case of the vector 
couplings 16± — 16± — 210 the techniques developed here are general and can be 
applied to other cases where the dimensionality of the vector mulitiplet does not 
equal the dimensionality of the adjoint representation of the group. 
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5 Appendix A 



In this section we define the notation for the components of the vector superfield 
and for the chiral superfield used in the text. For the vector superfield we have 
the expansion 

V = C{x) + iOx(x) - i6x(x) + l -9 2 [M(x) + iN(x)} - l -6 2 [M(x) - iN(x)\ - 9a A 6V A (x) 



+io 2 e 



X(x) + -a A d AX (x) 



-i6 2 6 



X(x) + -a A d A x(x) 



+ \e 2 e 2 



D(x) + \d A d A C{x) 



while for the chiral superfields we have the expansion 



$ a = A a {x) + V26i; a + 9 2 F a (x) + i6a A 6d A A a (x) 
+^e 2 9a A d A ^ a {x) + - A 6 2 6 2 d A d A A a (x) 

$t = Al(x) + V2H a + e 2 Fl{x) - i9a A ed A Al(x) 

+ ±=e 2 9a A d A ^ a {x) + \e 2 e 2 d A d A A\{x) 



(20) 



(21) 



6 Appendix B 

In this appendix we normalize the irreducible SU(5) tensors contained in a 210 
vector V A pa , a 210 scalar B pupa , and a 210 spinor A pupa . Latin letters (i, j, k, ...) are 
used to denote the SU(5) indices. The normalized SU(5) gauge tensors appearing 
in Vivpa are 



so that 



v A 



v A = sVev'j; V Al = 8VQV' At 
V Aij = V2V' Aij ; V Ai = V2V'i 



--V AB V 



-V 



'ijk 
Al i 



V 



- J-V'i ■ V ij - J-V ij 

Ajkl — y g y Ajkb v Akl - y 3 v Akl 



-\v,uV AB ^ - lv'Lv' AB * - ~v%v' AB ^ 



^ ■' iivpo v ABuvpa 2 y ab y 2 y AB y 2! 2 V AB ' 



-yx Bj Vi 



'ABj 



1 1. 

3! 2 



■,/ijk^/ABijk\ 
V ABl V l 



1 1 1. 



v ■> V 

2! 2! 4 ABkl w 



'ABM 



(22) 



(23) 
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The normalized SU(5) fields appearing in B^ vpc7 are 

B = 4^5'; B l = 8^5'*; Bi = 8V6B- 
IS" = y/2B'"; Bij = V2B' t y, Bl = \' r 2li, 

Bf = \1\b'^- B 3kl = Jltffa B% = JIb'3 (24) 



3 



so that 



\d A B. up(J d A B pu(1(T = -d A B'd A B'i - d A B' l d A B'^ - ld A B' ij d A B'^ 



-\d A B'id A B> - ±d A B'r k d A B^ - \^d A B'ild A B^ (25) 
The normalized SU(5) fields appearing in A pupa are 

A = 4^/|a'; A, = 8V6A' 1 ; A, = 8^ 



A ij = V2A' ij ; A*, = V2A' l3 ; A{ = V2A/ 
/2 ,. 



Af = Jh'^-, Ajki = r-Alt A% = J 2 -Ali (26) 



so that 



-iA pupal A d A A pupa = —iA^ A d A A' - iA n A d A A'i - iA l j A d A A' 
-bX^ A d A A' tJ - liA V&A'« - i^Y^ 



2] y ' ^ ^ 2! 
V^A^ - ^A^T^Aj, - ^iA l k h A d A Ali (27) 



7 Appendix C 



In this appendix we eliminate the auxiliary fields, D^ vpa and F(±) of section 2. We 
find 

,(210) ,(210) ,(210) 

(3)auxiliary ' {^auxiliary ' (5)auxiliary 

~ )2 h ( ab +) h[ d +) < A {+)a \T [fl T u T p T X }\A (+ )b >< A (+)c \T [p T u T p T x] \A {+)d > 



4601 

1 ; g 1210)2 C H C H < A h)a \T [p T u T p T x] \A h)b >< A { _ )c \r { ,r u r p r x] \A ( _ )d > 



4608 c 



' g (21 Xr ) C°~ ) < A {+)a \T [p T I/ T p T x] \A (+)b >< A^ )c \T [p T l/ T p T x] \A^ )d >(28) 



2304 
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SU(5)expansion of these expressions gives 

4608^ < A+)al r [M r ^ r p r A]IA+)fc >< A (+)c\ T [^^ T P T X]\ A (+)d > 

_ < 210) 2J L_ (V 210++) + 8t/ 210++) ") A f A JJ A f , 



1 / (210+ + ) (210++)\ . + . . j+ 

^ +8r/ a ,„, ) Al^A^A^-Ar 



~768 V U ' crf + °W> J A (+)a A (+)6 A (+)c A (+)«« 

1 /-, 1 (210++) (210++)\ | fcf 

^ ^ il? ?afe,cd - Zr lad,cb ) A (+)aij A (+)b A (+)c A (.+)dk 

1 / (210++) (210++)\ | A A *t A 

^ 192 V ab ' cd ~^ ^^,cfe J J ^-(+)aji J ^-(+)fe J ^-(+)c J ^-(+)'ife 

1 ( nr (210++) (210++)\ j+ A it A 

jgg (25^ + 18%^ j A ( T +)a A (+)6i A|; )c A (+)di 
. J_ f< 210++) _ fi„ (210++) ^ A f A, ^A f A ij 

1536 \ lab ' cd 0r lad,cb j A (+)a A (+)b A (+)cij A (+)d 



, „ (210++) [ ! , At A ij A fe t A lm , • ijtam *t A At A 

^'lab,cd [^Q ij klm (+)" (+)c A (+)d -t- ^gg 6 A (+)aji A (+)^ A (+)dm A (+)a! 

If 'fc t r 5 t 

+ ^ A (+)aii A (+)6 A (+)cfe« A (+) ( i ~ Y^ A (+)a A (+)f> A (+)c A (+)J}( 29 ) 
1 (210)2,(210-) ,(210-) 



g 'Kb K,' < A ( _ )a \T [p T u T p T x] \A ( _ )b >< A ( _ )c \T [lI T l/ T p T x] \A^ )d > 
(21()) 2r L_ („ (ai °— > + i6T, (210 " _)> i A ijt A. ^--A wt A^ 

6144 V a6 ' cd l0r lad,cb J A (-)a A (-)^ A (-)c A (-)d 

L fii n (a10 — > + 8r7 (210 " _)> l A 1 " A. ^ A f A\ 



4608 

= g 



768 



1536 



!_ ^J 210 "' + 6r7 (210 ^ ) "l A ljt A, w A f A^ ^ 

1 



/ (210 ) (210 )\ + i. 

384 ^ ab - cd + Vad > cb ) A (-)a A (-) b i kA l-)™ A (-)d 
+ — r r 7 (21 °"" ) - 6rj (210 " _)> l A 1 " A*; ^ A f A 1 

1536 ^ ' Cd D ^-c6 J A (-)ai A (-)b A (-)cj A (-)d 

1 / (210-) (210--) \ + * 17+ a 

- 1536 { 29 Vab,cd + ^Vad,cb ) A (-)a A (-)6 A (-)c A (-)^' 

+Vab°cd > [T^ e ^^™ A (- t )a A (-) feA f- t )c A r)rf + T^^^Ha A-)^ A (-)c A (-)^™ 



1536 J { -> a y ' [ -> c y ~ ,a 1536 

-256 A i-V A (-)^ A P)e A (-)^ + J^ A l)a A (-) bA l)c A i-)d]}m 

g ( )2/i lb ' < A (+)a\^ipXuTpTx]\Ai y+ ) b >< A(_) c \r [p r u r p r X }\ A(~)d > 



2304 



(210) 2 (210+-) 

g """" -{-10Aj +)o A (+)6 Aj_ )c A ( _ )(i + 2A{ +)a A (+)6 Ap )c A ( _ )dij 



192 



-4A| +)o A (+)6 A{_ )ci A{_ )d - 32A{ +)a A (+)6l A|_ )c A l ( _ )d 
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- 4A (+)aAf +)6 A{_ )c A ( _ ) ^ - 32A; t +)a A (+)6 A[_ )ct A ( _ )(i 

XlOA't Aj'fe At A , u , _8A i t A jfc A 1 " A / 

+ iZA (+)a A (+)6 A (-)ci A (-)rfj<; 0A (+)a A (+)6 A (-)cj A (-)c(fc« 

+ 18A ; t + )aA( +) ^Aj! t )c A ( „ )djfe + 4A i ( t +)a A (+)6 ,A{_ )cj Af_ ) , 

)d 



-56A; t +)a A (+)6 ,Af )c A ( _ )dfc , - 24A; t +)a A (+)6 ,A}„ )cj Af_ 



- 1 64A; t +)a A (+)5l A}_ )c A ( _ )(i - 4A{ +)au A (+)6 A;! t )c A { _ ) , 
-8A| +)a , ,A (+)bfe Af )cA ;_ )d + 8A{ +)au .A (+)bfe A;!? )c Af_ )d 
_A f A* J A fcit A^ u^ + SA 1 A jfc A i?t A^ >j„ 

Hw A M-A - 38A (+)^ A (+)5 A (-) C A (^ 

_i_9 At A *■? At A fc _ c A t A fc/ A'J't A, , 
~ tZA (+)aij A (+)b A (-)ck A (-)d ° A (+)aij A (+)b A (-)c A (-)dkl 

-26^ m A; +)ay A (+)6 A{_ )cfe A { _)^ - 2c - Hm A{ +)a A« )6 A» t )c A^ d K31) 
where r/s are defined by 

(210++) _ (210+) (210+) (210 ) _ (210-) (210-) (210+-) _ (210+) (210-) , . 

Vab,cd — n ab n cd i Vab,cd ~ h ab ^cd i Vab,cd ~ h ab ^cd 



We also find 



.(210) .(210) ,(210) 

{^auxiliary ' (2)auxiliary ' (6)auxiliary 



-(^k'-'l-^'"'^-']-' 1 /) 



at a* j_Ia t A*-?* 4- A iT A* 

A (-)a A (-)6 + 4 A (-)aij A (-)b + A (-)a A (-)bi 



(33) 



8 Appendix D 



In this appendix we exhibit, for the benefit of the reader, a few SU(5) expansions of 
the terms appearing in our final Lagrangian Eq.(14). We begin by noting that any 
of the chiral fields S (= A, ^, F) can be expanded in terms of its SU(5) components 
as 

\S a >= |0 > S a + i&J&Jlo > Sjf + ^^fetfct^io > Sm (34) 

Together with the normalizations of appendix B and the basic theorem given in 
Ref . [3] , we can expand terms such as 

,(210) ,(210) 



^ (»^yf n A„) 8*4, = ^ (wV^WM,) a w 

,(210) 

= -^[-t= (lO* aL7 ^A b - VavrfdAAS + 2W aLl A d A A bt ) A' L 

TTl fSv oil 
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+ 273 ( W ^l A d A A b ) A' lL + ^= (* aLl A d A A bl ) A'l 
+^ {-QKi m Ll A d A A b + e ljHm f ai AAf) A'l m 
+1 (-Q* aLl A d A A l b m + eV klm * atjLl A d A A bk ) A' lmL 
+1 (-ZW aLl A d A A\ + -* mkLl A d A A^) A% 



;{B CiCjCkCl V CiCjCkCl + B CiCjCkCl V Ci CjC k ci + 4:B CiCjCkCl V CiCjCkCl 



1 

~ 16 

where V^ p(7 = V^ At Vaa t ^,. Thus we find 



\AA a * V * V 3 ASM***'* 1 ' A* € WAjknVplw 



144 ' A J 480 A 48 



+ ^e tjklm B^V Anm - -^e tjklm B^V Akl 

^B c - CjCk5l V 5i CjC k Cl = B CiCjCk c l {y A c i c :j C m C n '^c m C n C k Cl ^ ACiCjCmC^y Cm C n C k Cl 

+ 2VAc i C j C m C n Vc m CnC k Cl) 
O 

r>ijk-\ jmni iAZ i n r>ijk-\)lm -\)An r>ijkyylm -\;A 

— ^Aij ^mnfc "+" y Akn y mij ~ y Ajk y m 



9 9 9 



2 2 7 

o y A]lm y ki o y Ai]l y k "/ 



2 

^ ~~ i ' si j Km 'i 3 ~ L siijk ' rn ' g 

9 
16 



■CjCkCl^CiCjCkCl — B CiCjCkCl (yAc i CjC r nC n Vcr r n--r, ~l~ VAcC-C^C V. 



C m C n C h Cl ^ ACiCjC m Cn V C m C n C h Cl 
+ 2VAa Cj Cm Cn ^C m c n C k E; ) 

o 

— ^jjfc V mn V Al "+" Zn ijk V lm V An ~ ~^ n ijk V lm V A 



9 9 7 

__ R. .yAjlmyki _ R. .V Aij7 V fe 4- - 

g -D 4 j * Aim g ^ Hfc ^Ai + g 



(40) 



fiR - V- - --- R - f — V - V" 4 -l- —V - - V" 4 

U-DciCjCfcC; V CiCjCfrCl ^CiCj CfcC; ^ 2 V ACiCj C m C n V C m C n C k C; ~T C£ V ACiCjC m C n V C m C n C k Cl 

+ 3 VAci Cj C m C n V Cm C n C kCl ) 



+ Zn kl "Mi + g^fcZ V j V Ai + ^-Dj ^im V Akl 

+\B^ k V l Ak - \B)Vt 3 V k Al - ^Vf j V A 



™ ; ylij-,;fci ^ R">;^*i;i 



-2o^V^. - -SVf V Al - ^BV^V A 



15 J Al 200 
IS j ' ' ' 480" 



+-B)v Aj v Ai - ^BV M V Al + 3Bg^V2f 



+2BlV t p A k 



(41) 



9 Appendix E 



In this appendix we give the complete supersymmetric couplings containing the 
singlet of SO(10). 

(42) 



(1 K.E.) (1 Interaction) (1) 



-w 



where 



(1 K.E.) 

-v 



1 

64 



W & = D D a V 



(43) 
(44) 
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Thus we have 



-v = -^VabV - -A7 PaA + L (1)ousiKary 



~(l)auxiliary 2 

A 



A=f^l (45) 



Further, 



(1 Interaction) ,(1 + ) C; , u'^n'+'vii I 

Ly+$ = Kb < *(+)a|e g 9 |$( +)b > | e2e -2 



+C' < $(-)a|e g(1)9(_)v |$(-) b > U-2 (46) 



where g (±) are the U(l) charges. Expanding e g q we have 

(1 Interaction) (1+) r "? i O (1) ( + ) C lAii 

W = Kb [< $(+) |$(+)6 > +g 9 < $(+)a|V|$( +)6 > 

+ ^g (1) V +)2 < $(+)a|V 2 |$ (+)6 >]U"2 + /lS, _) [< $ ( _ )o |$(_ )6 > 

+g (1) ^ < <5(-)a|V|$ { _ )6 > +ig (1) V~ )2 < <S ( - )a |V 2 |<S ( _ );) >]|^ (47) 
where the quantities entering Eq.(47) are determined by Eqs.(48) -(54) below 
hab +) < I > U"2 = C +) [-^Aj +)a a A A (+)6 - ^Aj^^^A^w 

-d A A\ +)mj d A A l i +)b - i* {+)aLl A d A * {+)bL 

-^(+)aL7 A ^A*(+)ML - M {+)m3 Ll A d A ^ l ( +)bL ] + Lgj ousaiarl/ 

L (2)a«xffiary = ^ < F (+)a\F(+)b > (48) 



(i) (±) 



< $(-)«l$(-)6 > = [-<9 A Af_ )a a A A(_ )6 - «9 A A{_ )ai ^ A l ( _ )6 

-d A A^ )a d A A^ )blj - i* ( „ )aL 7 A a j4 *(-)6L 
-i*(-)«L7 A 5 A * l ( _ );)L - iWi_ )aLl A d A * { _ )U]L ] + Lgj attxiJiari/ 

(1) 

(3)auxjiiary 



^auxiliary = h< ab ' < F (-)a | > (49) 



*( ± ,«=(^) (50) 



Cff < %)a|V|$ (+)6 > 
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I 

72 



Kb g Q {[g ( ?A (+)a <9a A (+)6 - ^ {+)aLlA ^(+)bL 



+ 7 »A 



t 



(+)6L 



+7^ (*a* )a a A a (+)w - *i +)aLlA * [+)hlL )}v 



+ 



V2 



A\ +)a *( + ) b R + ^\ +)m ^( +) bR + a; t +)(1 * (+) ^ 



t spi 



»t vf7. 



A/ 



* (+)aL A (+)fe + l* (+)aiji Af +)6 + * 



(+)aL A (+)W 



A 1 _|_ I (1) 

-KJ "i" (A)auxiliary 

< A+)a\ A (+)b > D 



(1) 

' {^auxiliary 



(i) (+) 

^ab g q 



V2 



CW"' < $(-).|V|$ ( _ )6 > U" 2 

C'W^tig ( iA (-)a <9a A ( _ )6 - *(_)aL7A*(-)6L 



1 



+ 4 ^AfiV 5a A ( _ )Wj + iV(_ )aLlA ^ { _ )bi]L 
+\ ( A |_ )ai Ha Aj_ )6 + i* { _ )aiL7A *J_ )bi )]V y 



+ 



v/2 



A{_ )a * ( -)6 R + -Aji t )a * ( _ )WjJi + A|_ )oi *;_ )6fl 



*(-)olA(_) 6 + -V\ J _ )aL A^ )hij + * ( _ )aiL A J ( _ )b A fi } + \- { ^ )auxiliary 



A, 



(i) 

'(^auxiliary 



r(l-) (1) (-) 

^ab g 9 



< A ( _ )a |A ( _ )6 > £> 



(1+) (l) 2 (+)2 



h a 2 n 

ab g 4 ' [A; +)a A (+)6 + |A{ +)n0 .Ag. )6 + A* )a A (+)w ]V^ 



C _) g (1) V" )2 < *(-).|V1*(-)6 > 



2 6> 2 



l( 1 -)J 1 )2„H 2 



A;_ )a A ( _ )6 + ^Ap )a A ( _ )bij + A{_ )ai Aj_ )b ]VAV A 



Finally, appearing in Eq.(42) is given by 



Lw = Hab < 6(_ )o |B|$(+) 6 > |e 2 + /i.e. 
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Evaluation of Eq.(55) gives 

L$ = -iHah (*(-)afl*(+)6L + *J_ )o fl*(+)WL ~ ^ (-)aij R^ +)bL 
+ i ^*ab (*(-)aL*(+)Ml + *(-)aiL*(+)6R ~ ^ *(-)aL*(+)6uii) + L (6)a U *jHar.y 
L (6)a«xffiary = ^afe [F(_) a A (+)6 + A^ )a F (+)6 - -F(_ )oij Aj J +)f) 

-^ A f-)«V F ?+)6 + F (-)« A (+)« + A (-)a F (+)&i] + /i.C (56) 

Elimination of the auxiliary fields F(±) through their field equations gives 
.(i) , i(i) , i(i) 

(2)auxiliary ' (3)auxiliary ' (6) auxiliary 

= - (^-'r^Tt^rv)^ [Ai +)a A( +)b + \^\ +) a^l )b + A U A ^ 

-(n[h il+) ]- 1T h (1+) [h (1+) }- 1T H* 



ab 

Similarly, after eliminating the field D we get 



L (i) , L (i) , L (i) 

(l)auxiliary (^auxiliary (5)auxiliary 



A T A* +-A T A ij * 4- A iT A* 



(57) 



1 (1)9, (!") , (!") (-)2 4 j a A \ A 

-gg 9 < >< A-)clA-)<i > 

-\g A ° )2 h ( a b +) q +) q' ] < A {+)a \A {+)b >< 4 ( _ )c |A(_ )d > (58) 



-gg^^CC'^ 2 < A + )alA+)6 >< A+)clA + )«« > 
1 (D2, (l+).d+) (+>2r A t A. ..At A..., 1 At AV At A« 



- _:a l ' 2 // V ' 2 [A T A/ m A T A^, + -A T A y A T A* 

- gS n ab n cd Q i A (+)a A (+)f> A (+)c A (+)d + 4 A (+)aii A (+)6 A (+)cfe« A (+)d 

+ A ?+)a A (+)MA|j )c A ( +)4; + A ( + )a A (+)f> A ( + ) clJ A ;+ )(i 

(+)6 A I+)c A (+)* + A \+)a A (+)bi A \+)cjk A ll)d\ 

(59) 



-^'"'CtV^ 2 < A { _ )a \A { _ )b >< A { _ )c \A{-)d > 

+ A Uai A Ub A l) CJ A Ud + A (-)a A (-)6 A ;- t ) C A (-)^' 

+2A{_ )a A ( _ )b A{_ )ci A;_ )d + A\_ )ai A{_ )6 A?- 5^-)*-*] (60) 
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1 (1)2 I < 1 + > 7 (I") (+)(") A I A A I A 

■^g Kb Kd Q Q < A+)a\ A (+)b >< A-)c\ A (-)d > 



1 W2, (I") 7.(1") (+) Hr.t A At A , 1 A t A A Hi * 

-48 Kb Kd Q 1 [A| +)a A (+)6 A|_ )c A ( _ )d + - A| +)a A (+)6 A ( ^ )c A ( _ )dij 

1 



+A| +)a A (+)6 Aj_ )c .A(_ )d + -A[ +) ..A^ )6 A[_ )c A(_) (i 



(+)a^(+)^(-)ci^(-)d T" 2 ^(+)«i^(+)^(-) 

l\t A« \M\ A 1 I At A At Afc 

4 A (+)aij A (+)6 A (-)c A (-)^ + 2 (+)«« ; (+)& (-) cfe (-) 



+ A ; t + )aA (+) 6,A{_ )c A ( _ )(i + iAf +)a A (+)6i Afi t )c A ( _ )dfei + A i ( t +)a A (+)6i Aj_ )cj A|_ ) J(61) 

10 Appendix F 

In this appendix we give the complete supersymmetric vector couplings for the 
45-dimensional tensor of SO(10) in the Wess-Zumino gauge 



■ 45 1 (45 K.E.) (45 Interaction) (45) ( G.O\ 

L — Ly + <-y + Q + l_ w l^OZj 



where 



(45 K.E.) 1 

Ly = 64 

W_ = _L D 2 e^ (45)9 - M -D 5 e^ (4B) ^ M ^ (63) 

where are the 45 generators in the vector (10-dimensional) representation that 
satisfy the following Lie algebra 

[M a/3 , M 7P ] = -i {8p 1 M ap + 8 ap M Pl - 5 ai M Pp - 5 Pp M ai ) (64) 

and take on the form 

( M ^) a p = ~i (<V*<W - <W<W (65) 
and V ' pv in the Wess-Zumino gauge is given by 

V = -0<r A 6V Apv + i6 2 6\^ - i6 2 6\ pv + U 2 6 2 D pu (66) 
Finally we have 

(45 K.E.) 1 AB l T a (45) 

L V — ^VABuvVpv 2 ^ ^ (^auxiliary 

V AB = QA V B _QB V A + («) /yA y B _ y B y A \ 



21 



• (45) 

V A = d A + — M V A 



v A k, v = d A A, u + g (45) (y A a K» - v A a K 



L (45) — -D D 

'-(^auxiliary ^ V v 

V=Qr) (67) 

To normalize the SU(5) fields appearing in —\Vab(ivV£? we carry out a field 
redefinition 

V A = 2V5V' A ; Vi = V2V'i; V{ = v^V?; V AlJ = V2V Mj 

A = v / T0A'; A{ v^A?: A ij = V2\' ij ; Ay = v 7 ^ (68) 

so that 

- 1 -a^ a v a a, u = _1Ia;. 7 ^ a a;. - ilx'v^- 

-^ 7 ^ A Aj - ^A 7 ^ A A' (69) 
Next we look at the second term in Eq.(62) 

, (45 Interaction) ,(45 + ) $ , 1„( 45 )\/ V J i 

Ly+$ =/lo6 <$ (+) „|e^ g v ^|$ (+)6 > U2 

< 5>(-)a|e* g(45)9 - s -|<l(-)6 > U" 2 (70) 

being the 45 generators in the spinorial representation. We find 

(45 Interaction) (45+) r O i O 1 (45) J . 

+ I g (45) 2 < $ (+)a |\/ M ,S M!/ V pA S pA |$ (+)6 >]U" 2 + C _) [< $(-)a|$(-)6 > 
+ -g (45) < $(- )a |VS^|$ ( _ )6 > +gg (45>2 < $(-)a|VS^V pA S pA |$ ( _ )6 >]U" 2 (71) 

where 

C +) < > W = C +) [-^a{ +)£1 ^a (+)6 - a A Af +)a a A A (+)M 

-dAA\ +)m3 d A Al )b - i* (+)aLl A d A * (+)bL 

L (S«x«ion/ = h ab +) < F (+)a\F(+)b > (72) 
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< $(-)a|£(-) 6 > W = C'h^A^A^ - d A A\_ )ai d A A\_ )b 

-^Aj! t )a <9 A A ( _)^ - 2* ( _ )aL 7 A a A *(-)6L 



-i* { - )alLl A d A *\_ )bL - l^(_ )aLl A d A * { „ )bl3 L} + L^Luiary 

I ( 45 ) - k (45_) / F I 171 ^ 

L (3)auxiliary ~ a ab < ^(-)a| -**(-)& > 

* (±)a= U ± J 



1 (45+) (45) ~ .C- 1 

2 ft afe S < <P (+)a| V ^^l <I, (+)6 > 

, (45+) (45) rr V^5 / + «-> .— 

= ^afc g {[ J" ^ (+)6 + ^(+)^7A*(+)6L 



■^e ijklm ( Aj T +)a AJJ )6 + i*; +)aL 7A*J+ )6L )]V 



'Aim 



4V2 



+ [ ~IW2 dA A(T) b + 

e iifclm ^A\ +)mj dA A (+)bk + Z* (+)aiji7A * (+)bfeL )]V i 



"71 ( A (+)a A (+)w + i*? +)oL 7A*( + )WL)]V^ 



+ 



V5 



-A * 



( +)o *(+)&« - 77jA (+)aij M/ (+)bi j f -A (+)a ^ (+)bijR 
t 



A 



1 

+ 2 

1 

~2 



A (+)a/m W (+)W? + 2 e *ifc«m A (+)a W (+)6i? 

At„^ B + ^ yiHm A{ +) ^ (+)6WI 



A2 m 



L (+>^(+)W? T- 2 « 



A 



2 



A{ +)aifc * ( +)5i ? + A (l)a*(+)^ 
I 3 • 

-* (+)aL A (+)6 - — ^ {+)aijL A^ +)b + {+)aL A (+)bi 



ImL 

A 



A 



*(+)«!mLA(+)S + -eij fe « m "* i (+)ai A' 



jr'fc 

(+)b 



A 



1 

+ 2 



* (+)aL A / ( ™ )fe + -e yHm *( +)a j iL A (+)6fe 



A 



ImR 
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+ 



*(+)aifclA(+) 6 + *(+)aL A (+)f«J + ^Lxiliary 



(45) 



I (45) 
(4)auxiliary 



,(45+) (45) 

Kb s 



where 



Af +)a Ha A {+)M = f A? +)a d A A (+)M - (^Af +)a ) A (+)6 , 



Similarly for 16_16_— couplings we have 

1 
2 



C^g^it^ ( A (-)a Ha A (-)6 + **(_ )aL 7A*(- )fe L) 

4 f a ^ 



7~yg [^\-)a dA A (-)6y + i*(-)aL7A*(-)WjL 



^ (a|_ )(J . Ha Aj_ )b + z* ( _ )aiL7A *J_ )bi J]V M 



-)blmL 



,'Alm 



+^e ijklm (A^ Ha A*L )b + iW{_ )aLlA V\_ )bI )}}V 
(A^ Ha A ( _ )6 + ^ m )aL 7A*(-)5L 
-^e iJ ' Wm (A{_ )a . Ha A { _ )bjk + z* ( _ )aiL7A * ( _ )6jfeL )]V; 



+4 (a?_w Ha A{_ )6 + z* ( _ )aiL7 A*J_ )6L )]V^ 



2 



-A{_ )a *(-) 6 fl 



1 

+ 2 

1 



1 3 

7J5 A (-V*(-)^ + 5 A (-)ai* t (-)6fl 
A (-)o*(-)W"»Ji + r T e iiMm A (i t ) a * 



(_) a (-)blmR T 2 C ii^m-^-(_) a *(_)6_R 



A 



A 'lm 



+ 



A$ * ( _ )bWfl + A;_ )oi * ( _ )WJ 



L (-)ai *(-)&?*# 

.t ^rJ 



A 



+ 



V5 



1 



-* ( _ )aL A ( _ )6 - -*Ji )aL A ( _ )bij + -* ( _ W la; 



(-)b 



ImL 



1 

+ 2 



*(-)aL A (-)Mm + -ej jfc , m * ( i )aL A^_ )6 
*J r ! )aL A ( _ )b + -e^ m "* ( _ )(ML A ( _ )5 , fc 



A^ m 



A 



ImR 



3 ' fc A j Tj7 A 3 A '» \ , I ( 45 ^ 

(-)aL A {-)bki -T *(-)aiL- rt -(_)bJ ^jR/ + ^ (^auxiliary 



(45) 
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^(«-) (45) 

\-(5)auxiliary = ^ < ^(-)a\^nu\ A(-)b > D ^ (77) 

Next we evaluate couplings to 16 + 16 + of matter which are quadratic in the vector 
multiplet fields. We have 

g^lfc + V ^ < $(+)a|V^£ MJ ,V pA £ p A|$(+)6 > 1^2 

= C +) g (45)2 {[-^[A{ +)a A (+)6 + ±A\ +)mj ^ )b + |Ajt +)a A (+) ,]V>'- 
+\[-A^ )a A {+)bm 5[5 k j + (Aj +)a , m A^ )6 - A£ )a A (+) „) 5* + A\ +)mj A\ l +)b ]Vlv'^ 
+\i( 2A l)a A M b + ^ m Af +)ai ,A (+)bp ) 5 l n - 2e^' m A} +)am A (+)fy ]V; H V^ 
+|[(~ 2 A( + ) afem A( +)b - eijpfe m A(^ a A('^ 6 ) 5™ + 2ejj fe « m A ( t h)a A ( ^ )6 ]V j4 H V n 4m 

+^[-6A{ +)a A{™ )fc + ^ fe ^Aj +)ai .A (+)6fc ]v; im V'^ 

+^[6A{ +)a , m A {+)6 - e ijklm A^ )a A^ )b ]V'rV ,A 

+-^[3A?l )a A (+)fel + 5A{ +) ^A*J V^-V 01 

-I[^^Aj +)o A (+)6 ,]v; jfc V^ - ^[6 ijfe ^Af +)a A (+)6 ]V?V'^ 

+^[( 2A ( + )« A ( + )^ + A | +)amn A^ 6 ) + 2Aj +)ny Af +)6 

+2 (A{ +)aim A^ )6 - A;t +)a A (+)6t ) ?]V?V^}(78) 

Similarly couplings to 16_16_ of matter which are quadratic in the vector multiplet 
fields are given by 



1 



-/*irY 45)2 < $ ( _ )a |V£^V pA £ pA |$ ( _ )6 > 



e 2 6» 2 



= Cg (45)2 {[-^[Aj_ )a A ( - )fe + 4 A ?V(-)^- + |a;_ w a;_ )6 ]v>^ 

+^[(A; m ) t a A(-) b w - A{_ )a ,A* ( _ )b ) ^ - A^A^V?^ 
+i[(2A^ ) t a A { _ )b + e^ km Al )ai A ( _ )b3P ) 5 l n + 6^ te Aj_ )an A ( _ )bl ,]V^V^ 
~~ l[(^A(_) a A(_)bfem + Qj>femA^ a A^_^ 6 ^ 5™ + eyHmA^A^jV/V/ 1 " 1 



4 



f-i=[6A; m } a A ( _ )6 - e^A^A^^V^V^ 
+^[-6A{_ )a A ( _ )Wm + 6^, m A^ )a Af_ )6 ]V^ m V' A 
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+^[3A{_ )ai A ( _ )bJ + Af )a A ( _ )bfei ]vX-V' A 
-I[ e ^^-A{_ )ai A ( _ )b ]v;, fe V^ - i[6y Wm A{_ )fl Ai_ )6 ]V? V^ m 

+i[( A (-) a A (-)^ + A r-H A (-)^ + a (-)- a "-)J *w + A iV(-)^ 

+ (-3A; m } a A ( _ )5m , + A{_ )al Aj_ )k ) 5{]V Mj V' Akl } (79) 
lS 5) =W(<I (+) , $ ( _))|, 2 + /i.e. (80) 

where 

W($ (+ ), $(_)) = < %\_ )a \B\% [+)b > 
W(A (+) , A ( _)) = ^ a6 (Af_ )a A (+)6 - ^Af_ )a . .Af +)6 + A l ( T )a A (+)fra ) (81) 

and where /j, ab is taken to be a symmetric tensor. Thus we have 

|_w 5) = -i^ (& { _ )aR V {+)bL + W { _ )aR ty {+)biL - ]^^ )aijR ^ +)bL 

1 
2 

L (6)otixiJion, = ^ab[F(_) a A (+)6 + A( r _ )a F (+)6 - -F ( _ )aij Aj J +)6 

^A^-F^ + F;_ )a A (+)w + Af_ )a ¥ {+)bl ] + /i.e. (82) 
Eliminating the fields, F(±) through their field equations we get 



+¥*ab[^{-)aL^{+)bR + *(-)oiL*(+) 6fl ~ ^*J-)oL*(+)WjJi) + L j ^auxiliary 

(45) r _ . . _ 1. 

ixiliar 



■ (45) , ,(45) , ,(45) 

(2)auxiliary ' (3)auxiliary ' (6)auxiliary 



= - (^[/ i (45 " ) ]- 1 [^ (45 " ) ] T [^ (45 " ) ]-V) ab fA{ +)a A (+)fe + \A.\ +)mj Al )b + A* )a A (+)K 



A T A * -4- - A T A ij * 4- A iT A * 



at 

Similarly, eliminating the auxiliary field we get 

l (45) i (45) .(45) 

(l)auxiliary ' (/^auxiliary ' (5)auxiliary 

= )2 h { ab +) fi cd +) < A (+)a \T,^ u \A i+)b >< A (+)c \T,^\A {+)d > 

-^g (4B)2 C _) C _) < A-)al S ^IA-)6 >< A-)cl S ^IA-)d > 

-^g (45)2 C +) C < A {+)a \E,A A{+)b >< A ( _ )c |E^|A(_ )d > (84) 



26 



(83) 



The terms above when expanded in terms of SU(5) fields give 

1 (45) 2 ,(45+) (45+) . . . . 

h ab h cd < >< A+)c|^IA+)<i > 

(45) 9 r 1 / (45++) (45++) \ , . f . . + . 4j . j+ . . ,+ . 

= § {-^e + 4r/ ad;Cb j (A{ +)a A (+)6 A{ +)c . j A ( J +) , + A ( T +)a A ( + )fra Aj; )c A ( + M 

+A if A^wA f A lk ) - - (n (45++) + n (45++) ) A lf A^A f A fej 

i i 

i ^ (45++) r_ t At A A fc t Aim _ Jjklm »t A At A , N 



— Ia* A fej At A i _£_ A t A At \kl 

4 A (+)aife A (+)6 A (+) CJ 7 A (+)d + g4 A (+)ay A (+)6 A (+)cfcJ A (+)d 

3 5 
+ * A \+)a A (+)b Ai (+)c A (+)di - T^A{ +)o A (+)b A{ +)c A (+)d ]}(85) 



1 
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(45) 2 J_ / (45— ) (45— )N f ■ -fcf f ■ f ■ 

g I 16 \Vab,cd + 47 7ad,c6 J l A (-)ai A (-)6 A (-)c A (-)4?fc + A (-)ai A (-)b A (-)cj A (-)d> 

~TQ (~ ll7]( ^ cd ) + 4V ^ cb ') A (-)a A (-)& A (-)c A (-)«Kj 

[~^),A ( -)»Aj!!)cA^ " ^ u ' Mm A{_ )ai A ( _ )6 , fc A}_ )c A ( _ )(i , m 
-^A*! )o A ( _ )W yAf!? )c A ( _ )<1K + ^AjL^A^-A^A^ 
+^ A (-)a A (-)^ A (-)c, A (-)d + ^A{_ )a A ( _ )6 A[_ )c A ( _),]}(86) 



1 (45) 2 , (45+) (45-) . , | , . 

g ^ab ^cd ^ ^(+)a|^ j /iv 

\A (+)b >< A { _ )c \^„\A { _ )d > 



16 



(45) 2 (45+-) ,5 | | ^ A t A U A A 

g ^ab.cd l^ A (+)a A (+)b A (-)c A (-)'i ~~ ^ A (+)aij A (+)6 A (-)c A (-)<iM 

1 . ,+ . . ♦ . , 1 



L (+)a A (+)bi A (-) C j A (-)d "I" 2 A (+)a A (+)^ A (-)cj A (-)d 

, I At A^i A»«t A, ^,._^At A.^A 1 " A! s 

+ 2 (+)o»fe (+)& (-)c A (-)dh g A (+)a A (+)b A (-)ci A (-)d 

13 1 

+ Y A t)a A (+^ A l-)c A (-)d + ^ A l + )a A (+)b A t)c A (-)d t j 

yV 1" y\ y\1" A ^"^yV^1^ A A J^f A 

+ Yg (+)aij A (+)6 A (-)c A (-)^ ~~ Y^ A (+)a A (+)^ A (-)c A (-)^fc 

L (+)aij A (+)& A (-)fcc A (-)d + 9 A (+)a A (+)^ A (-')c A (-)*i 



At A ij ' A f AK -L-A^ A. N,-A ifet A 

• A (+)oy A (+)6 A (-)ifec A (-)rf + 2 ' J - x ' " <>■■**■ 
1 . + . t-i . + . „■ 1 



_A f A kj A f A*; x --A f A/ ^A*- 7 ' 1 " A/ ^ 

2 A (+)aifc A (+)6 A (-)ic A (-)d 4: A (+)aij A (+)b A (-)c A (-)d 
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4 A (+)a A (+)6 A (-)c A (-)*i 4 A (+)a A (+)& A (-)« A (~)4?fc 

1 1 ■ 

- 4 A (+)aij A (+)&fc A (-)c A (-)d - 2 A \+)a A (+)b A (-)cj A (-)dki 

1 1 

At A , , ... A fa t AJ ijklm *t A , ..At A, ... 

2 A (+)ajj A (+)^ A (-)c A (-)d g C A (+)aij A (+)b A (-)cfc A (-)c«m 

--f .,, A f A ij A fc?t A7\ - -f A if A ifc A' mf A. ^ 

1 .-, 



o^ MmA f +)ai , A ( + )^ A f-) C A (-)^}(8r) 



where 77 's are defined by 

(45++) _ (45+) (45+) (45 ) _ (45-) (45-) (45+-) _ (45+) (45-) 

Vab,cd — n ab n cd \ Vab,cd ~ ^ab h cd \ Vab,cd ~ ^ab ^cd 



(88) 



11 Appendix G 

In this Appendix we discuss the coupling of the U(l) vector with matter without 
imposition of the constraint of the Wess-Zumino gauge. We consider the following 
Lagrangian which couples the vector multiplet with a scalar multiplet $. 



([/(I)) (U(l) K.E.) (U(l) Mass) (1/(1) Self - Interaction) (1/(1) Interaction) (U (I)) 



((7(1) K.E.) 

-v 



((7(1) Mass) 2C/2I 
Ly = 171 V 15,202 

((7(1) Self — Interaction) w3 I w4 I 

= CKlV |g2g2 + Q;2V \q2q2 



-v 



((7(1 J Interaction) 



-V+* ~~ "'' ± 'a v '^a|0 2 2 

$l$ a | e 2,-2+ \\N($)\g2+h.C.](89) 



where 



W & = --D Z D & V; W~ = --D 2 D,V (90) 
Finally, the superpotential W($) of the theory is 

W($) = ^ a $ a + l -M ab $> a $ b + ^ a 6e$ (91) 

The couplings Ai a b and £ a b c are taken to be completely symmetric tensors. Ex- 
pansion in component form gives 

Ly (1) K - E:) = -\V AB V AB + \D- - iXa A d A X (92) 
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((7(1) Mass) 

-v 



= m 2 CD + ]-m 2 (M 2 + N 2 ) - m 2 (\ X + Xx) ~ \m 2 d A Cd A C 



-im z xa A d A x - -m 2 V A V A (93) 



(U (1) Interaction) 



A= ( x ^ a ) 9 A A a + A (x* A di> a ) A a -^= (%) A a 
- A= (i> a o A x) d A A{ - A (4> a a A dx) 4 + i| (A^) 4 



+-V A 



d A A a ) A{ - (d A Al) A t 



ft 



-fcC (d A A\) (d A A a ) - ihC (4> a a A d A 4> a ) - -d A (A a A\) d A C 
+hCF a Fl - A (xA) Fl + A (x0 a ) F a + ^DA a A\ 

+ - (M + iN) A a Fl - - (M - iJV) 4F a (94) 



. ((7(1) Self -Interaction) I OL\ 2 

L y = -3 I — G + a 2 G 



V A V A + 2 (A X + Ax) + 2i X a A 8 A x 
- (M 2 + iV 2 )] + 3 + a 2 c) [z (M + iJV) (xx) - i (M — iN) (xx) 



-2 (xa A x) V A ] + (^C + a 2 C 2 ) [2CD - d A Cd A C 



+ ^(XX)(XX) (95) 



(U(l)) 



-d A A\d A A a - %i> a a A d A ^ a + F\F a 
- {^M ab + g ahc A c ^ ^ b - [^M* ab + Q* abc A^j 
+ {F a + M ab A b + g abc A c A c ) F a + (Fl + M* ab Al + Q^AA) *1 (96) 
Evaluation of Eq.(89) using Eqs. (90-96) gives in the four-component notation 
L^ 1 )) = --V AB V AB - \m 2 V A V A - \d A Bd A B - iA^ A d A A - mAA 

-d A A{d A A a - ^Bd A A\d A A a 
-±d A (A a Al) d A B + | (Ald A A a - A a d A A\) V A 



Am 
+ 



h 



2mV2 
h 



+ 



m 



V2 



(^ aLl A A L ) d A A a + (K Ll H aL ) d A A\ 
(^ aLl A d A A L ) A a - (R Ll A d A m aL ) A\ 

K^ aLAi? ) Aa ~ fi R ^ aL ) A * 
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-i ( i + -b] m aLl A v A m aL 



1 /3«i 



mr V 4 



a 2 



3 /«! 



—r^B + — 5 2 d A Bd A B -^B + — 5 2 V A V 



m V 2 



a 2 



+4r f ftl B + ^B 2 ) (iA Ll A d A A L - mAA) 



where we have defined 
A 



m 
3a 2 ^-ji 

2m 1 



(A£A L ) (A L A%) + iZxillry (97) 



^fj, B = mC, A C = CA T , C 



A = A f 7°, A 



R,L 



1±75 



ia 2 
ia 2 I 

9 



A ,V A = d A -^-ll + ^B V A (98) 



m 



and 



-auxiliary 



+i 



+ (l^ + 3 JH B + ^bA UP + /V 2 ) 
b) (a l a c r ) 



+ 



2 2m 

3 / «i «2 
m 2 V 4 m 

3 / «i «2 

m 2 V 4 m 



+ 



ih f-r- 



(M + iN) 
(M - iN) 



T a + M ab A b + GabcA b A c + 



m 



+ 



ih 



K + m:X + g* abc At4 - —= (* aR A L ) 

mv2 v ' 



V2 
h 



(A L ^afi) 



Fi+l-B + 1 \FlF a (99) 



We next eliminate the auxiliary fields M, N, and D through their field equations 
to get 



L (t/(i)) 

auxiliary 
h 



--m 2 B 2 - — B 3 - ( — + —] B 4 - 3aiCX2 B 5 - 2a2 B & 



1 

2' 



2m 
mh 



8m 4 ^ m 2 
3ha\ 



rrr 



-f (AU a ) (AlA b ) - ^B (AlA«) - ^ (4-4.) - ^ (A^) 



+ 



K + M* ab A\ + g* abc AlAt 



Am 2 
ih /— 



m 



V2 



(*«*Al) 



hfi(B) , x , 



f2(B) 
Vl{B) ^ 
fi(B) 



(a c *a l ) 



Ft 



(A^A L ) (A L A^)(100) 
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where 



m A V 4 m / m 
and the auxiliary field F satisfies the field equation 

h 2 



m 2 



(101) 



m , 



2 f 2(B) a 



(alA c k) 4 



mV2 ~™ ' f2(B) 

-T a - M ab A b - g abc A b A c (102) 



Inverting this last equation we obtain 

-i 



i + V 

m , 



h 2 A\A b 



2/1(5) (l + ±B) - h 2 A\A c 



mV2 /2(-dJ 



Al* + -jjht (AlA^) 4 - T h - M bd A d - Q bde A d A t 



(103) 



For the case when self-interactions of the vector multiplet are absent (i.e., a± = 
«2 = 0), we get 



\_(u(i)) = _K abV ab _ \ m 2y AV A _ \qA b9aB _ jXy^A - 



mAA 



h 



-d A A\d A A a - -Bd A A\d A A a 
m 

k d A (A a Al) d A B + | (Ald A A a - A a d A A\) V A 



Am 
+ 



h 



h 



+ 



m 



V2 



^> aLl A A L ) d A A a + (a L 7^l) d A Al] 
i^ aLl A d A A L ) A a - (A Ll A d A V aL ) A\] 



(y aL A R ) A a - (A R ^ aL ) A{ 



ih 
V2 



7;M ab + GabcAc) y aR v bL + ( -M* ah + g* abc A\ ) m aL m 



'bR 



h 



-i\l + -B\ m aLl A V A m aL 
\ ml 



+ 



h 2 AlA h 



l + ^B 2m 2 -h 2 (l + ±B)AlA c 



-\m 2 B 2 - | (AlA a ) (A\A b ) - \mB [A\A a ) 

ih — 

T a + M ad A d + G ade A d A e + i=A L ^ aR 

rav2 

H + Mt s A) + Ql fg A\Al - -0= (% R A L ) 



(104) 
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As is evident the U(l) invariant effective Lagrangian above is highly nonlinear 
with infinite order nonlinearities. 
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